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Questions

1. [Maximum mark: 7]

(a) Explain why 23!45 is not a prime number. [1 mark]

(b) Find all positive integers n for which n!+51is a prime number. [3 marks]

(c) Find 2018 consecutive integers which are not prime. [3 marks]
2. [Maximum mark: 8]

Let a and b be positive integers. Show that

(a) If a+b and 2a —b are coprime then a and b are coprime. [2 marks]

(b) If @ and b are coprime then ged(a + b,2a —b) is either 1 or 3. [4 marks]

(c) Show by giving examples that both the results in (b) are possible. [2 marks]
3. [Maximum mark: 8]

(a) Find 2018*" (mod13) [4 marks]

(b) Find the last digit of 2018°""* [4 marks]

4. [maximum mark: 5]

Show that there are infinitely many primes.
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. [maximum mark: 7]

Solve analytically the system of congruences

x =1(mod3)
x =2(mod4)
x =3(mod5)
x =4(mod7)
. [maximum mark: 6]
Solve the difference equation
u,,, =8u,—16u,,
u, =3, u, =16

. [maximum mark: 5]

Show that an integer a is divisible by 3 if the sum of the digits in the expression of a in base

7 is divisible by 3.

. [maximum mark: 12]

Let a=b(modm) and ¢ =d (modm)
(a) Show that
a+c=b+d(modm) [2 marks]
ac=bd (modm) [4 marks]
(a) Show by using mathematical induction that

a" =b" (modm) forany neZ" [6 marks]

. [maximum mark: 10]

Consider the non-homogeneous difference equation

un+2 :5un+l _6un +10

u, =8, u, =30
(a) By letting V, =u, -5, find the first 3 terms of the sequence V, [2 marks]
(b) Show that

V.,=5V,-6V, [2 marks]
(c) Find the general term for ¥, and hence for u, . [6 marks]
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10. /maximum mark: 22]
Consider
d, = gcd(88,136)
d, = gcd(88,137)
d, = gcd(88,138)
(a) Find the prime decomposition of the numbers 88 and 136 and hence
write down the values of d, and /, = lcm(88,136) [4 marks]
(b) Given that 9x137 -14x88 =1, explain why d, =1 [2 marks]
(c) Find the value of d; by using Euclid’s algorithm; Hence express d,

as a linear combination of 88 and 138. [5 marks]

(d) Solve each of the following congruences

(1) 88x =2(mod136). [1 mark]
(i1) 88x =2(modl137). [2 marks]
(i)  88x=2(mod138). [4 marks]

(e) Find the general solution of the Diophantine equation

88x—138y =2 [4 marks]
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5[23! and s[5 > s/ asles
For nzS _5/ nl+s C,Ow/)o,sl'je.
For n=41 a5 e g c.ompo>r/ci
for n=% 2454 prive
For ‘/L:S 3-’ +S= // /’Dflﬂf.
fr n=4 Hl+5= 39 prime
Thus far n==% 34
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204742, 20191+3 ... 2019+ 3019
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let dzged/a,b) andl oy = geclla+t da-b)
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‘-—')égi/d_a

Bust &{g:}) éhu) o=l ie O.Jé coprive
Proof &

atb, la-b coprime = rla+b)+ s(3a-b)- L, brsoue 13

= f+28)a+fr-3)b=
= a,b Coprime
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) a=5, b=3 give ol =gcl/87)=1
a=%, b5 gt oly=geolliz 7)-3

3up)2oie 2 lfuod 13 by Femal

12168

2018 = (ool 13)
o6 _

2018*'° = lfuosl 13)

3016218 = joi8* fusat I3)
5—_3‘-2@49@‘ l."s) [since. 20183 w ool I.S)
= ‘fﬂxooLIS)

[b) Look far ,9018”'8@90310)

2018 = 3 fasal S)

201610182 32258(,, ) <)

234“504+Lﬁ(3d5’}
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5. xzlfusd 3 = x=3a+d

X=‘5a+}£2/mod4)

= 2a = [fusd 4]
= @ z3fmodd) > a=4b+3

so wx=3(4b+3)+1=19b+10
X = IEb-&JOs_‘S/u.odS)
D b =23 fuool S
= Ab= lj/u,\oa?S)
> b4 fusdS|=> b:=5c+4
30 M= 12(56+4) +10 = 60 c +58
& 60c+.58 i= 4(u.moL ¥)
2 L0 = -5"4@391 4’)
= /ncgzﬁuod#) (since 60z 4@00/7)
= AE leA o
= c.s4@oalﬁ’) 4= Yuoot 2) )

For c=4, >=60c58

The UumMgue S::-Z,:/—;OVL I3 X52?8(“3¢é5'4'§$)
X = 298 ook 420)

Ge The qufg(é’g CQUQIZI'DOA /5
ri=8~16= rk 8r+lé:O=>[r-—4)‘sO > r=4 (choubls)

The soluhon has the foru
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L@L Q:C?n//\(n-ra,\_./fMJcm-a—o,/f-tao

Siace Y = fuod 3)
= /z k; J_k(l.u.gd 3)
2 Y | (uoct 3)

Mence, @z autGuit -+ a4a,(uos3)

T’Afrtﬁw‘& 3 /a > 3/ aju#Qn_,, 4 -+ Qs
V= 3/ Sidiea otp g@,g,f‘&

B il o) b b e sl
wl c-gb
=) e = bﬂvlﬁaooz—h—i)

{ii) Mla_bj - M}/é-—é)o/c—i)
friie— D wm| ac-ad<-bctbd
D | ac-bd +bd -adk-becrbl
D w| ac-bA + o [b-a)+blc-d)
D | ac-bd
= aaibdﬁuod_w\)
/b) For n=l i Arival
A sitg ks frue g)r r’L:/ﬁ) I.e. akE,/DK@oa,M)

Prove il 15 drue for =kt iR, QKHE-/')/“Z—!OG{M}
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9. [a) =8, W=30, =11
Mene V,=3, V=235, \, =107
/b) Uny = \/n +S} hence
Unvgy = Sun*}-—éu‘q.* | O
=) n+2+5:§[\/n+,+5)—~6(\{¢,,5)+/o
= \/4+2+5=5\/n+ *2$F'6\/,4, -20+|0
= \/n-rz 5.5\/»-“ - é\/yl,
Kf.) The aux;‘ﬁa’g aqua»‘rw >
ri-5r+6=0 = r=3 or r=3%
The Beﬂgmz solubion. heos Lo %xu
V,= a1+ p3"
For n=l da+3b-3 j
for n=l Aa+7b=1S

Mence  Vp--ogta 2 3% < -2
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10. [a) ©B=2%11  136=2% 17

A, =SLGL(68) 12¢) = 2% 8

O, - Ocwm(83,136) = 2211 1F = 1496
(b) d,]e8 aud Ay 13¢=>d 1= 0=

((_) ]28=4+8% + 50
88 = [+SO+ 38
SO=Ax38 + 12

38. -3« 12 + %
jg=6%2 +0 Geol(138,88)=24

9.38-314=32 -3(50-3¢)
= 4'3%-3'50
= /;-(88-50) -3-Y0
= 483 -%.€O
=4.09 -2(133 -83)
=]/-88 - ¥-138
[oL) /1) No SotuTion since aL,.:&J’Z

[ﬁ) UNIQue si)t,u*r/oN siace 0/1-.-___{ /2,

?x12f-ldxga=1 2 1&x13¢F -28x gg =2

Sobution Xz -18fed 130 = 107 fusd ] 3E)
/iﬁ) TWo  soLuTions  since GLJ:‘?'{- b
BBXE»?.(Hod 133) > 44 x = ((Mddéq)

Byl Q=11-86-%.13% > | = 1x44 - ¥x67
) 3
Solations ><=—-:HMoaL153} XEH—}éqEM

(e-) 88 x - 139y =1 . Bu b g8« -138<¥ =2

Parlr‘(:u‘&lr soQihon ("fﬁ‘do) "'(’ ! ¢) ‘
Genemal solution (%o i§§ £ . +§§{—} :ﬁH GTE, ¢+44£)
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