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1, SA£71S

P BASIC OPERATIONS [usma VENN DIALRAMS)

)f]/e agreaai.( /iﬁoﬂ
L- j urtory  Avs (A or B)

A B

@ INTERSECTION ANB (A and B)

/////////////_ Conrnerar A (not )

We also deline:

[ DirFerence A-~B (A buf nof B)

_/VOr,l/ca éhaé |A-B =ANB’

3 B
{ @ SYHHETRIC. DIFFERENCE AR

(A or B but ot both)

Notice thal f/‘\AB = (AUB) ~(AnB)
or AAB:(A—B)U(B—A)




—

ExarrLe (U.bir)g cxpz'cf/ >c¢z.’$)

et _5’.1-{_[)2}3)4}5,61?;8/?] be our umversal sef

Consider the subsels A=72,34,5% B=34,5¢6f

Then
AvB=f2,345 6}
ANB=F4,5t

A=}1,6,728 7] B'=§,23%8¢}
A-B=}23} B-A=}6}

Aap=f2 3 ¢}

P USE OF VeNN DIAGRAHS

e can ea_sf%{ verif 9, bg us/‘n; Venu o&'aﬁraq;_g

i a ’proper/éf of sebs holdds or nof

ExavpLe,  Show thot (AuB)# A've/

LHS: ﬁﬁ%

(Aos)"

In facf

[A()ﬁ)/: Alﬂﬁl
(ANB) = A'vB’

De. J%?am Laws

We can @Af% uzrzfoj these  [ap, bj Vean Diajrgh_s

%



B PROPERTIES OF SET OPERATIONS (LAWS)

AUVB = BUA
@ AND = BAA (COHHUTAT!\/G. Laws )
(D (r0B)NC = ANBNC)

(Assocm-nve LAM_S)
(AvB)LvC= AvBLC)

_NO"(ECQ This proPerz[g “HP@(:’,& thot e o

remove. brockels and write

ANBNC and AvBod respecéiue%_

(‘Th.ef@ S no Confuy‘o:a/ )

@. What! about Aﬂ(BUC)_ eund AL)(ZS/}C.)‘,?'

Hwr: 14 You fma(ﬁ/n,@ Hnaz‘ in bolh coses
we  nave

A-(B+C)
you Ma(zj obtain the re.s.uéﬂ

An@®oc)=naBlu(Anc)

(prsTRIBATIVE LAWS)
AvBnc)=poB)n(Avc)

@ Noéiga also the /fo/ﬁﬂoa?/ﬂf Pfofefilf@b.‘

AOA = ANG=g ANS =A
AOVA S AUB=A AvS=5

where  @F=enpty set s wniversal set
| >



the Afimz[ distribative éqw

EXaHPLE  Jef > uerif
An®uc)=(AnB)u(Anc)

:153 u_sinﬁ Venn dJQﬁfQM-S.

LHS : Qﬂ s RUS : A B
B | [
[

A n(BuC) AnB) v ianc)
nr =

' il =" =
Bolh sides ia"‘/é : A@ B |
C !

P ProoFs BY USING THE [(AWS
Exavrre  Frove {hal A-B and B-A are ~mu/ua£%

exclusive. / a)/'/éau/ asmj Vern i grgu_.s)

We have to show lhat (A*B) f?@"ﬂ)=5@/
thel : A-B= Anp’ &

Rewewmber

Indeed [/‘\_B)O(B-—A):@AB’)H@AA’) [b‘j @j
= ANBNBNAA’ [Assocadive Lawl
= ANANBNAB’ [Cowwu tafive Lauj
P NG
&

— y

oy




EXAHPLE By using the foct p-B=AABR &
prove (A-BIUB-A) =(h UB)-(An®)
(l-?»- the two expressions of Lhe sawue:fw'r_ oﬂifference
4B are cquazz)

LHS = [A-B) U(B-A) =(anB’Ju(B0A’) [by ]
:F}UE)(\‘@UA’)/\(JBJL} E))n[]_?,’/ ,1’) [%_'DJ‘;-IN':!DUJW& Z.az,.)]

= @Uf;)nj 0 5/1[}3?,13’) [S—svniversal Jeij
=(AUB)N(AvE)

=AvB)n(ANB) [by De Horgan:f
:::(/—} UZS)-—KC]/!B) [bg >kj

=RHS

P Proors BY INCLUSION

In order 4o prove A= we can prove
Ack ( xeEA = - > B)
and Bep [ xXeB=---=> xcA)

EXAHPLE  Drove the obistribubive law:
Aafpuc) = [/-1/1/3) v{Anc)
et xeANBuc) = xeA and xeBUC
= XEA and /x&'& or x'éC)
<>(%EA and xEB) or (xeh and xec)
= XEAND or xEANC
= xeAnBjuiAnc)

For

" . .
For 2 e work sfwérff
insbeadd e{ %

In Jact, we wan wse e

5



ExaupLe  Frove (/—?Hﬁ) l:_- A/ N B/ [ De Ho(szanj

s

For both directions we wvie w

X E/AUR) & w & AUBR
& XEA and wdz
= XEA ond wer’
£2 XE ANR

Y

Exanrre Prove that A-B ond B-A are
Mu/uaﬁﬂ exc bisive
ie. (A-B)n(B-A)=7

Lel Xe-B)NB-A)>XEAT and xcha

DXEA and XEB and XER ou <& A
= X EA audd Y&A uat weld qud wels

T/u'} s fMPO,&fé'éJ@. Thes %Zﬁ )6/ /s e,a,jf])f[(j

ExaMPLe  Spow that  AnBoC) S(anB)oc
(c Oﬁﬂg one olirection M&’_\)
X&E /—l/)ﬁéu C)= %XEA cunol xeBOC

= XEA and 6(6_;23 o xéC)
@ZI@'M@& xeB (and/ ><_c-:‘/9) s xEAND

or xedl
= <ERNR VT

&



P NUMBER OF SUBSETS

lel A be a set; a subset B consists

of Sowe, ndne or all 8@21“2;?:{) 049 A

We write .B gAl

For eyauple , if A=Sa b cl

we oblarn fhe fofﬁmmj subsets:

ja, b c} & A Hself
}Q/bj ./Q,CJZ fb,cj i~ 2-elosen? sedfs
jaj ;] bt e & f-elewent set
}5 <~ the ewp/j set

Notice: A0l subsets excepl A ihell are calledt
proper subsels. To euphasise thal B is
@ proper sahel of A we write BCA,

e Ob.serue é/)a/ the Vnuzuber ‘c».f’ sabsels of
A=fa bl 15 8 (17 is 23)- In general:

PRoOPOSITION JTf A abn_)i_sz[) of n e e ments
there exist 3% subsefs

PROOF. There exrst {g} subsels of no elzweants
[_‘,_4) scbsets o] 1 elewent
(ﬁ) cobseh of n etements

TDTAL Nuwpeg = (‘g)-&/_?}f(g)—f-u-*[ﬁ): (L-I-l)n [&'Muxaf EAI«J
= 2“’

4



2 CARTESIAN PRODUCT AXD - RELATIONS

» let A and B be two seés

The car/&_si.am. .,D/‘“Dafuc_z[ A= Cow_s/_s/) @{) al’
ordered. Pairs /C?Jb)--z.)/:_ere aEA and belb

An example it/ c/anz%' the deliition

EXAUPLE  Let A=fa,b cf B=ju1 2%

The carfesiau proofucé AxB s a new set of
SiX 779.31’_8:

AXB = F(a,1)(a,2) (b2 (b 2)(< 1) (< 2]}
Notice that BxA is a illerent set

BxA=F(1a), (1, b), (4 c)(2,a),(2,5),(8)f
Gince for etawple (a,1)#(42))

Thus  in genemﬁ AxB # BxA

} The cartesian ;pmducv,‘ AxA is also
denoledd 15(7 A

For evawple, il AT bL llen
At=AxA= f(a,aly(a,b)y(ta),(b4)f



ﬁémiafb wwewber bhat the nohure of an elewent
in AxB or in Ar=AxA is a PAIR

We can >ay bor e xauple thal (x,4)EAXB

bui nolt XEA*D or yeAxB

The set AxBn C) contains pairs K&q)
Wlere XEA ond 36‘5/1&

let s prove the foéfow‘g

EXAMPLE  AXNBAC)=[AxB ) (avc)

[J\/ozfice: /'Lérél, ve conndt e Venn Gicove s

o huown proper frex, nly inclusion ”g’j

(4] € LS & (o y)e Ax(Bac)
DXEA anol jéBﬂC
EXEA oot 563 Sut Y e’
& (%,9)E AR and (X,4)EAXC

“byy)eix)0frxc)
Sy )ERNS

In eﬂ&c/é @’Aﬁ, NGwe way pe con show 2ol
J
AxéUC)-:/A XB)U@XC)

7



B RELATIONS FROW A TO B

- A rgﬂa'f{ion R from A to B s _sfmp% @
subse! of AxB |

For z.ﬂ’au])f@/ /Z/ ,A:fg)é/cf B;;l/ Zf
lel ws debme some rebotions browm A 05
la) R = fla2) (a,2) (4] (c2)

In order fo express thal
”a, is> related to _LH

we write . :
/aj.l.}é?l or alkl
On the Can/fay /7_5,2)%2 or :b}/Z

) S-fadedl Y oty
CITE) [

csS2

(C.) 1= /@/ Tt s bhe
aup/j relotion ’ mast £nﬁml
o F&éaé;ou— /”

L) U=AxP _
/ :_ g?, I} is z%e.
< " QQfM&Sé

re Va hon




» A pice waj fo reprebenf a rebation  is
béj a wmatriv of Os and Ls
e.3. Jor ”R.://Q,J)//a/z)/ (& L}//c:; 2)}

B

Since alRd b}'{ﬁ
the c;srre.s;:oydjnf
are L. ond O rcspea:‘iue.%.

e #rie_s

Do o
Qk]._ [ Y
O] ro

» RelLATIONS oN A

A re/;a/;‘o.o, frow A to A i> said to be a
relation on A. (It is JIIJ/O% a subsel of f"?=/4 *A)

EXAHPLE A= SL, 83,47

Leb B 'be redotion on A, gluen ég
R=§(11),(3, 2), (4,3),(3,4),4,3)¢

(4 Iy also bz described as follous:
R

A A :
/ Rl L 2 34

ol ] orf 1flrooo
S 2ffo +t L0
RN 3o 00 4
4lloo + O




A relation cubd also be (?m)en bj o

stotement :

ExanpPre et A=71,23 4%
We debine the redstions : RS THUH as Lol loos s

gf’R_,g | :'P and on I'f >(=-'j
O(.Sg f{; and onfj if >(<g
j/’fj 1! and on.f((f /'f 5\/5{3
X{/Lg i} ond om% 4 x4 is even

Clearly,  R=[(11)(12)(33) (14}

S=1040,01,3)(14)43) (3.4) (5,4)
T=RUS

U=100)(32)(3)044) (1,3)(30),08,4)04 9)¢
let ws abo see the a:rre_syana&k?o watrice.s

Rl1234 Slli234 T[4 234 s34
tltooo Lo 12 LiLt e s IllLfo 7o
ZHoOo4L00 2l/lo0o 12 ot 11 Alletod
3lloodlo 3iflovod 2o 0 4 1L 2HL O L 0O
4loooi 4llo coo Aflo oo 4”0.‘10_1,
b ¥ 4
Lhe reé#/m, the redetioy the refotion
= : < <

[ You see, instead Of /5,2/€< we -a_wa//y wirfe L<g J

43



P RELATIONS ON THE CARTESIAN PLANG

A relotion on R s a subses of B*R .
Thus, we wma r@pn&s&n.ﬁ such relofrons

on the Cartesian p/.a//ae_

ExaHPLE We dofine the %ﬁaw/};f rée @4ons
on R oand _séz/ck a &)fre)/oond/)y jora;yh,

. y]zg Mjr-?.ﬂ’d
A

%
[Le. l/u;s refa;[/cm, COMJ/JL/J o-/aﬁ /Dw‘r_s />90¢/)

Lthal mé’_\/g y=Ix+d.
I//L Mﬂr/ Jewﬁ) Qg foﬂc//otxu ygu agf“eaa/y

hoow ore redolions!

A

La,/&f on, we wf,é/ j/’dg Qa %rma/ 6%%%(%.0%

of a /wcém based op redatioms
/)/ ghé Wﬂf’”’/ /e/'_i see O/Aé/‘ !/“6&4014_&

43



* Xpﬂ‘&‘yﬂ:’xi X?& X:ﬂﬁ

0 xﬁg A:vxﬂ-rjzr_t

4R

-

_/

!.. e. Uldf.é C/V'ng l.e. C!'ICU,&?/' Ak

od redhys |

(revewber : xﬁg%gz IS o crcle of radus Qc)

’ ><72(j4=a> x=2,1€4¢3 xﬁﬂ@ x=2
A o
3.
y
) S o
2 2 -
5Q3MM£ _@’n& X_—_:z

14



(hatl-plone)

. X/?rj > Ex? -,2_cgs.2

aund 53671
1
[ 2 ¢t .
. - L
2 * 2 >
- L
L) [
~2

/for g.‘&-@ﬂ‘b Or 32‘*'0%#‘-15/ gou Araw ﬂ-——axﬂ_/)

aud pick a point ouvtside lhe e Lo see
which ha/f-pfane Lo shade)

An /'rl;!em.s/mﬁ redation is bhe £ 40w

B(tj Max?rﬁ,/o} e denole ZAL ﬁre;zia_sé Calue
!961'/&)6—21/2/ a agnd b. For ez’atocp&/ M,ax[j}jj:g

lel s deline

Xﬂgﬁ wax /x| lylf=3
Thas, €lther Ix1=2 and |yj<g

o

[

2

Yl=2 and |x)<2

v

It is a Sgquare

of sidle 4

15



P PROPERTIES OF RELATIONS ON A

The rethbion R on a sei A i> said {o be

o ReFLeXIve if /a/a)ék qfar all acA

i (ableR= haler
i! (ab)eR and hdeR =» @,c)ER

e SYHHETRIC

@ [RANSITIVE

In other pords

RerLexive wmeans that aRa for 0l a

i.e euerj elovient s rebdated to ;_,é;,e[,f :

A A A A

(7} @ F

b b 9

i 5»P£:'e>ave, repé)e_xwe. mo/ re ffewve.
smce BRb

ﬁaﬂié mind !‘f ;Dairf} cther than (aa) (86)(cd
are abso appear./
SYHHETRIC, means that aRb iuples thot also BRa

le. whenever o is relbhrted fo b we obsere
thal b is also related 4o oo

A A A A )
< b;(_’

%luud‘ ric _sgmuej.’l‘ic not sgmudnc

A&



TRANSITIVE.  weans thal! aRb and bRc iuply thatl aRe
7

i-e. whénZUer e see consecctive pc:u‘/‘.s

aRb bRc we smun? also see akc.

x

ira/u' /iua no/ / rma_s////a
since aRb aud HEc

but La,ﬂ/c.
NoTtice : Transf'/fw}g( is {he wmos! d/’/,%co'// o céeck_/
For/umz /eé , / A% will never ask pﬁf{%ca//

cses!

I s uuch" &;J/W fﬁaajk‘ fo check the three
'propér;lie:, i bhe relotion is ff:)&ﬂ as  an
ZXP(Z'C/L[ statewment :

The relation <  on the sef R of real nowbers is

e REFLEX|VeE. since XEX for all x IR
o NOT SYHHeTRIC Since fou* excewpée L<£3 bur'37éi
(in such a wse a @unzleremwpfe hQ—ZP).})
e TRANSITIVE ~ since Xég'and jéi = XS Z
The rebation — ow MR has all lhree pmper/(/e,s

{ eay to check! )
L7



P HATRIX RePreSENTATION AND PROPERTIES
As far as th REFLEXIVE and the SYHMHETRIC

prppe’.rz[-fe) are concernedd  the walrix
representation i ueff clear

Bla b c d 2la b c &
al L L 0 4 Q"_z.too
L O O O bo_z_OD
cjo o 4 0O cllo o 4 4
AbL o o L djo o 1L
K R,

For &

s 11 s NOT REFLEXIVE
since the wmain d/é?om/ contain OS5 (K)

I is SYHHMETRIC
since the watrix i ﬁuue/rfc
(aboul the wain diajomZ)

For Re
14 s ReFLEXIVE |
since the wain d{éffmna/ he) o _ s
It is NoT sSYMreTrIC
since the watrix is pof sywwe.fn'c_

/2R, b bui b%a}

TRANSITIVITY i wore Rifliculdt to check!
e can see. {housh that B, i> nol dramsilive

since bEa,aRb but :b%b,
48



3. EQUIVALENCE RELATION

A relotion on a seld A ohich is

» REFILEXIVE
e SYMeTRIC
o TRANSITIVE

is said tfo be an _EoulvaLesce RELATION

The wost iriviaf equva bence rebetion is the

/7

éé?uaﬁ'/j =" on a sel of nuwbers

EXAHPLE el A=§12,3 ..., iéOf
We debine

alb & a and b haw Lhe sawe
nuwber O,P digf/-s

fou* Zd’awpfa LR 7-'/ 3LRe4 byt 5}?./2?’
The re@l{ow R is an €QuivaLerce RELATION

eReFLEXIVE ¢ 1E robds aRa bor any aes
" since ang nuwber has the sawme nuwber
, of 5651'/_3 wf/h f/_)efé.

¢ SYMHETRIC: >Since

aRb = a and b have the sawe number of gfﬁié

> b ond a have the sawe nwber of d/jﬁf)
=2 bRa

e TTRANSITIVE ! since (similar process)
oRb and bRe = +----7--0" S ake

417




P EOQUIVALECE CLASS — PARTITION

An equivalence relation 1s very olten Aensted!
bj ~ (instead b R). In the lost epoumple
e  could c.v/ejme the relolion. as lollos

anb & a and b have the same nuwber sf oﬂfﬁf/_s

’R@é’dié&i -Cfétdé’//ﬂlj Qe _Sa,,-o/ 1LO be ec?ui./a gé‘yﬂ[.

The EQUIVALENCE cLASS of sowe elewent a

consists o) all (he elowenss reboled 70 a
(.e. the equivalentl clowments o4 o).
This 5@11 i> olenoted . b}j L[],

Foramffj [a]=fx€eA [x~af

In lhe basl egauple, the eouivalepce closs
'o/f L is

. [+1=11,9345 6%8 %

O course, this 1> abso [T or [3] efc.In foct
- we can select any Jﬁd;'ﬁ,?}f ;:wuéer a> a representative
We have 3  eguivalence classes:

[£1=714,2,3,4,56%8 %] one.- 0&31'/ nusbers )
[ol=fio,11,12,.. 993 Lwo -al:‘gf/ Nsbers )
[tool=ft00} ( three —'aéggr}/ nuwbers)

20



In ﬁz/) & VYA Ob/am, a ?AW/T!ON_M;@%A_
(i.e,. we . sp / A mJo d:’:jofﬂf _sub,se/_s)

—mn

?oraxa” ! Pam[:'/ion od a set A s a

collection of subsels A, Pe, o Ap od A

such that
e the sob )e;fg Qfe MUJ/UQ% excbusive. P rle
e M0A=E  bor any pair A
e the union o the subsels is A
e A UAU--UVA, =A

EXAHPLE  |et A=11,4345678 9 10}

P V4

e Jdeline
am b & a—-b s even

We show thatl thi> 13 an equiva bepce rebation

. ReFLexive : ama  for any aed
Since. a-a=0 (s eden,

o SYHHETRIC ! (,L~'b —:>a—b s edey
== I’D-—.CL P edJen
= bra
e TRAPSITIVE T Qwmb and bHrce
= a~b I even, b-c is even
= @a-b)i(b-) i> even
= a-=C i3> even
= QA

2L



The equivalence class o) 4 is
[13=714,35,7 9f Codd nuubér.&)

The equivalence closs of 2 15
E23= f 2) 4; é’/ 8; "I'O} [6()6/).. numb@r_s)

Thus, we oblein ?arz[i//bu, ol A indo two
\eqmuafence CZO)Ja_b/ L[4 Gud ] (o0 ond even)

Notice: Id e are jiuem, a pan[u{ion ofd A

503 AJ/A,Q) A.S;"'/An,
an equivg lence rebation i autoua rlf‘ca;ﬂop/ a’éxﬁ/ﬂfd

Xmﬂ & X .cmp/j Ge i the same subsel A

It eals fo check that ~ is redlesve, symye%rfc

and.  transibve.

The equiva lence classes cre the subsels /‘h,/l,gj...

53 ‘For A= fa;b),cld)@—j
éhg P_QF)ZI./IOVL- _ A: = faxgj A,g:Z’C,dj Abg:[EI

Aelines Rlabede.
o N 4— observe the
:L ooz :LL g equivalence elasses]
A ce L+t " ja,bl {cdl fet |

2%



B Tue EQuuVvALENCE ReLATION a;b/awdn;)

We have aﬁreaﬁfj seen  the relation

avb & a-b s even
e a-b is ivisible f_’vg 2

This rebotion on the Jaz‘ Z oF m/e_gar_s
is abso denoled by asblmodl) e

a;bﬁwodi) £ a-b is even
{we reac:l/ ‘@ is equive lent to b woduls 2“

There are fwo equinlesce classes:
[cl=1{0,+2 x4 ..} (even nawbers.: in, néZ)
[£]= [i’l) ¥3 +S ... f Koa’;l numbers ¢ $p+l ) VJéZ}

In génemZ/ the relotion
aab@odﬂ,}éﬂ’ a-b 0 divivbte é; 7

is an equvaleace rebotion on Z.
Indead,

* REFLEXIVE : as=afusotn) for any @€Z
since  a-a=0 iy Avisible bj n

935



e SYHHETRIC. :
azblusdn) = a-b > Adivisible
=2 b-a df'w'.)fézé- bg VL

= bga @Dﬁ[ﬂ)

s

o TRANSITIVE
oz bfusdn] and NN
D a-b and b-c are Adivisible bjtﬂ-
-—)(afbﬂ-[b—cj s evisible b<7 n
= a-c > divisibbe by
= a;C/tuqd n.) |

The are n equivalence classes.
An exaw:pfa will c&m’fy the mmczpf,/

EXpuPle  The equi valepce rebation
a= b(wtod S} & a-b is Dyisible bg g
4 &jéf pines / h& /&/ﬁﬂommj é?un/a/gm:g chhases:

]=1.05 10,4 = f5h/beZ]  (mubliples of <)
L= .0y 4,6,44 .3 = [Sked/keZs

[9]=§.- 8,718, 3= 15k+2/ke2(

[Z]=7-..,3,813 .. Y= {Skrz/kez?

[AD =5 4,9 14,.. 8 = fSk+d ] kez]

Thus, we oblain  a parli#@, oA Zz

24



This  eguiva lence  relotion wa also be Jzﬁmazl
o Pobloos

afbﬂust) & a and b have the same
remainder when. Aividled. Zy s

Indeed, il tolh a and b have revgincer r

i.e a:SkJ-i-r

b =5h,-54 =Sk L
b=5/{,+rj=ba o / 'g) :

D> a-b s divisible b? S
[éh@ quD,&l'/é direction >/u/'£ar)

Thus we have lwo olelnitionn for a= b@oplnjs

,asb@oo[rz,)@ a-b is Aivisible bg i

£ 0 /b hﬁ?t/@ the SRue remax'rlo! ey

when dividesd bj n

We cﬂnﬂ_eﬁ.si% U@n’f Lha b
J2853_{’400L5)) ?’l:—'lmod?’)} -20151-;—'8/14@19)

EXpadple et A:[{,f,3,4,5/ €739 10]

lels _Cfé/ine avb & at=p? ﬁmol S)

It is _ea;g to check Lial ~ s an equiv. rebotion
Cil=1L4¢

Equivabence claves: 97 = 2 3,/?’,‘/8? @hy ?)
[5] = f.SJLo}

5



A, FUNCTIONS

Sowe. rebations drom A to B are collod
FUnCTIoNS

if each. elowent of A corresponds

to a pmigue elowent ol B

A B A (i A ‘ B

s NoT it is NOT il is a
a fuﬂcﬁiow a funcf!’ow Qunc Fion
(Why?)
For such a reba ;%u PS AR we wrile
P A—>B
Instead ol (a,b)ef or alb (a5 rebied /o b)

we wrffe

:P/a)=b of Q:a!——->75

As we hnow, some Lunctous —are Aebine. by
o forwuba. For 24’6?@77/@} we defime the bunction

§:R—TR
iven b ,{26{}: Ix+ 4 /or P x> QX-'-.:L)
J J

26



For a dunction 0:A—>B

A is called DosianN
B is> coalbled  copomAIN

17 £[0)=b, we 3627 tha! b 1 e image ol a

The sel of all iuﬂfﬁas is a subse! of B
i is called Ravee of 4,
It is denoted éj 254) |

EXAHPLE P A —>B

) Dosamw  A=114,3f

' Copopaw B=fa, b/ C-JOL}{
[ o=t

Ravce  fA)={a, c}

EXAMPLE /. R->R Fiven bj J(x)= x*

@o AN R

Copormn TR
RANGE £m)= [0+ 03)

For the ronge we can alro wite

2r) = fy|y= of
or _sfmpfgt ’R’amg@: Q=0

27



¥ Y
B ONE-TO-ONE" oR INTECTION

A fundiom_ f is /fona—/o—ona” ér Q—l‘j

or injection ﬂ)r /’@ea#it/e. Punction )

if differem[ x's have olidderent Imaﬁz,s:

FL

PeriwiTion : X, # Xy = 'fﬁﬁ)?‘df(xl)

EQUIVALENT PEF s TION /a,wé’ ore. pmch’mé)

P00) =260) = %=

ExAMPLE  Show that §:R-R with L&) =3<+s 'Ll

2()9): ’R(\’(.Z):P SX_.{+_S = 3)(:-}5.-_—.}3)(’ ,_3,(2 = X=X

Exarpie  Show bhot LR with Lij=x* is nof =1
D)= 060) > 31 =3Er D% =% (50 F¥%=x)

In Hu) cale, /‘_/ /5 58//6’/' 7/0 fmaf o

COUNTEREXAMPLE.

e3. a)=4  and ,f(-.e).ﬁ-ﬁ! so P iy ndf -{1[':1”.
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.. i f
» ONTO — OR SURTECTION

!
A funciion J s Tonds”

(oF su(]ea‘iuca /Punci(me.)

or surjection

_if RANGE = CODOMAIN -

J.e A ) =B
L e xzu-efz,f e,é’e.tuex/!/ &ﬁ B is an im_aﬁg,

(od Some clomar] of /’c)

A - B A S A B

nol oo wot ONTO ONTO

(&)h(;/ .7)
EQUVALENT DEFIOITION

For any beB, lhare exists acA st fa)-b

IN_PRACTICE : e solve ALla)=b for a, to Yinal a.

EXAMPLE  D:R—>R, {f)=x
Tt is wot ‘onds since range #R  ((A)=Lo+=)#R)

Exppe  f:R—>I[0+=) Rb)=x*
It is ondd” smce ranjc =[0) (fa)=Io )

This exPéna A‘om i enoujh/ J/ouec/ef; &/ Us seg

19



the equ/aée/l / Ofegfinfgft‘)//z :
Let yeloq=). We solve q()/x)=g bor x
fé{}:gw xtngp X = Ig /;Jn(e 6%0)

TI/LU.SJ /FOF 5550; *30)} t here ew;s}_s x=@67}{_, s.zf. ‘f%f)-'-y

EXAMPLE L‘Z-—*:Z} Pin)=nss . I/ iy ‘ontds”

Let wmeéZ. We solve Pin)=ws- Por n
n)=m ton+i=mie> n=wi-4 e Z

Tho, for MEZ, ‘there exists n=m-1ez sk Al

Exaveie  §: Z—Z 4(n)=3m1. I 1 ol Spjo
lel mez, e solve fln)=m Hor n.

In)=ut £ 3n+d =4 &5 1= “—"g_!

but tlas s _mgf a/waj_c in Z
/9(7@:'«2,/ a wun/ere;aayé helps:

For m=5 there 5 no NEZ, st )5S
. slnce 3n+5='5#”i’)=—3é¢z

Exanpe  £:IN—N  An)=n+d s not ‘onits”

ll/)ﬂ,@:fﬂ[/ m=0 15 nol an- ImMaQe. o/f Some NELY

J\I@T!a’::.;1‘ woulkbl be onto /{ /'/ LIe j’fuem. oS
N=w* , M)t (0hgl)

20



] i/ R
p 1L anp ontd” or  BlITecTion

14 Af > j,_[" and ’5”710': that is /'xﬁjec;liwe_ ool
surjective, pe say that } is o bijection

'(or Q bgedi\/e, ,Pz,mc_i-}om_)
A

ONLY in thid case e MQJ a/zf/he the inverse
bunclion P'p—A |

fﬁf}zj =~ 4’"'/;,}:

Norice : In fact
. we Jirsd check if 4 s :,L—Jﬂ
' LE /rg fo sobve A(x)= =Y Jor
e id e can ,so,&t'. A and ~eA, £ is onts’
- al the saue fime we obtzin f*

ExAuPL.é:: f:ﬂléﬂi.j £03)=3%+S

L] ${Y|)=,?(X’g)=3>3YI+5-:3X£+5=3)X[=>€2 , f J_& _‘Z" d
o We solve 496()=g@3x45=fj4&5>><=53:§672.

* Thu) f /) 01/1110

p iy @ blj@C#lOJ/L a‘r\d fﬁ():%
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ExXAMPLE : Led A=R-{2] , B=R-{33
QJA'_DB} /E&): Bx+4

xX-2

" #H”

. f is A-1 :
3y +l 3By +d
l-te)= 0 -
‘i3)(/){2-6)(,‘-&){2—2:3)(,)(24‘)(,-6)(2‘2
= Py = > K=

@
Jrom the gvr@h of yz any horizondal bine
has al most one intenection POif/?/ o //\-eﬁ/aph.

e We soloe /fﬁ(#g Jor x

3x+d, . _
“;f{“j &> 3%+ "“j"‘?‘g/ 4——»@—3)%— Ry +4
& X = %fg /.SinCZ 565) 50 3#5)

MHence /f is onto

@ range = R-13f=B, so L s Z‘M?[o”
* Therefar €, Lis = ‘bJJ ection
The invense /Q&lﬁé#/&/i,. /S f":g_;A

- 3 9 x+d
- 2
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P FUNCTIONS OF TWO VARIABLES

) We sy have Aunctions of the Loru
{: RxR—/R

for etauple Hfsq)=3xrq.  es L0,3)-4
(b) We way have Lunctions of the Lores
): R~R —RxR
for exauple f&,g):/ﬂ-j}x-g ). e 20,2)-(3-4)

EXavpie (oF A BITECTION)
Led L:RxiR —RxR_ 4-’(%;1)%?%*‘;1,%*971)
Show that fb a zﬁﬂac)[fom. Find 40“!'

7 1
. f i> Jd-1: f(}ﬁ}gl)'—’f()(x,gjg)=3’/><:)‘:h)=[>‘2,‘ﬂ.?)

'Q(XJ,%!J :£6‘<2)‘d2)-“-@ /27(}4g;) X!-!' Q(:],) =[2){:+(d2) )(‘2 + ?9))

=b 27(!'{'.9]: QX.?J"H.Q @
A CTERIE TANS

G- - ~3Y,=-3y, 2 y,=29,
Thea

@ 3:‘ue_> Xy =%g,

Hence /»f,,f:h) =(%y, ‘d.z).
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o s onbo
Lel (a,bleRM e solve fﬁqg)-——/@b) bor (9.

(Qx"'%) X-ffzg):/g)[;)‘(:p 2>(+a=(_2 &
iyt B

W-L - 3x=la-b=x= _-Z%:_.b
2@"@ . B,j: }b-a_.___:, Y= .?b:;a_
TAU_}/ Lie 'fOUﬂd /)?;f)é /?)‘R/ S, g ’f@j/: /CP)b)
. f s a &y ec z[rom_ The isver e fu,qc,)[iow LS
- -5 i}
‘f /Q/b) =(?§ J '?i Q)
or Or%efwz)e

Fl5q)= /52 ’%’7

e can m@ /Aa%

//’._e. /:Eo’f’y/x,ﬂ):(x,tj) : éxe_rci_\e.Q



» PROOFS FOR 4703_

Let gA“’B andt f.’ BR—=>C

Then foj:/-\_:'C is oAedinedd ég
0-s5)a)= 4(5=)

Notice thal g is applicd Lirst then £ )
a —> g(a)— L0 _

PrOPOSITIONS !

k) 4 g injectve = f.-? injeciive
k) bg suective = foj surjechoe

) f,j bgec#w@ = ,,07 éjj'ea,[,‘,/e
In the OWOM'/@ Airection

() by injeclive = g njechve

(¢) 25 surgective = § sarjechve

35



PROOFS :

b) Led f,j be injective. We show tha! ﬂf i3 /}»j‘edjue:

fesfen) {03 (2) = Ut llgt)
= j@/: 5/@ ) ’ [since P imj@cﬁ/ﬂ/ej
= a=a, Lsmee ? in Jea’iuej

{b) Lﬁl *gj bé 5u1:,'fea£iue. k/e .S/lo{,) éhorl Faj 3 .Suirj'ea[h/@;

el ceq. We seeh acA such that @oj)/ﬂ/=6‘-.

But
1%2/'6 8)(’:57/_\ 5625/ 5.{ fﬂ;):c [since ,2 Sufje(:rlivfcj

there exvls ach si. g (@ b [since g surgective]
Thoy, we Jond  ach, st (Bslo)= B ta)=htb)=c
) This is &l and @J /&527/[\.21'.}

() lef fo(j be injeclive. We show that g b i,y'ea[i/a.-

§1on) = gte) = A300))= s al] - Las) appty 47

> (f-gn) fos)fa)
2 g = [since foi iﬂjeali'/cj

() lel £y be sorjechive We shoo bio) 4 15 suredhe:

let ced. We seek beB st Plb)-c

But

there exsdy a€A st mﬁ)/g)zcﬂ/jfm/:c

Thus, we AQOUMQJ b:j{o)) <l ,_{2(b)=,f(5{q}}:¢‘
- 56




5 THE SET OF FPERHILTATIONS : Sn

B IN GENERAL

Consider the set A=[4,83, ... n}
We oleal with '%Jecr!/on,s Jrom A, to An

For aiam?fe An A A,

2

=l

357

> a bgec{fon on- A;-/J, 2}3)/}5}

Such a b/jec/foa IS called PERHUTATION

Insleadt o/f /f/-‘)=2, 4(2)=3, efc we write
1 2 3 4 S
Je:(z 3 4 S 4)

How Mamg ;Derzwuylazzf«?w_s are there? — S

In fgc;{ in the secondl row e ream:mﬁg
[otherwise pamu#e) n elowents in o
fpo»ibf& dag_s. Hence

There are n! ?efwu/a#oﬁ_\ on A, The sel

-.of ol these p@fuwza//bw_s iy denoted éj S
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P THe SET Sg

—IZ'Z conjains 3126 szuu/a//'w;
/23 VAR I /12 3
‘f:’(_i 2 3) Xz‘/_—«v, N 2) '1?3*(2 2 _L)
| 123 _/1 23 _ /113
b= )32) &'/3 .?_.L} ﬁééis)

*The COMPQW'!/'OVJ‘; of Lwo ?efMu/a%/‘oﬂ_s
glves also a peru lation in Ss .

For ea’ampfe
: I L 3 2 3) _ /1 &2 3
fgoff:{3i2)¢i3i)_[? )
Mind  that ,ﬁ,/ is aﬁpﬁ’e&é f/ﬂ/ and then £z_

Hence
dr=1+—3

9 1——>3+-2
B+7 2 r—d

b4, (3/ . f):&

ExamMpLE . _Sfufézf% is 54 e /:aue
:234)°/1254)_/1234
| 3 43 24 43) [31L 24

28
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¥ The inverse Punc#/bn of @ ;permu/a fon

8N a&o @ ?efuuk?/f:m_

Jor eqauple, consider
f = /1 L 3
4 S 4L 2
-1
The inverse LJunction f_g ey s

kY=
L2
9 -3

0. // 2 3) > Tlhis is A,

23 1L

Thys

¢ The faféi/lfl!./j P@FMU/Q?LI'OVL IS !&:/j ﬁ;)

Il i wuaﬁ% Aenotedd bj 6:/,: ii)
For OP?j ;Deruu/g Fion f n 5_3/ it s Eoﬁg
to veri f"f that

cod- ¥ L [P
foe- 4 pipee

NoTice : These pro/per/fc) holod in jeﬁemf s S,
Where.
/4 2 - n
“* (1 2 VL) €5,
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It will be in /er&sr//}? to see ol possible
C«DMI’DD,M’:Z/'OM._S in S in lhe ﬁoﬁ&axh boble

We rename the peru fations a3 Soblous:
| ¢ 3 /9 3 I8 3
&= ) O“::/ ) o0 =
.L 23 4 3.L 2 .‘z 2 3 _;L
-Q:(iﬁ-g) .C-:[.L 23 T,=/1 2 3
T le 32 R~ ¢ 1 9 43

In facll, (J_'; Pénuu,!e_s 1,23 CgCa&’CQCf% g3

s, does the squme Ltwice

and 1 keapj 'y in}erchange_s 2 and 3: 92

:DJMI'/_Q;P% for —ng T3

Then
c e o 6, T, T, Ts
el & O G T, T T
G |6 6 e Ty T T
%|% e & T3 T, T
Gt s b & & &
T | Te Ty Tz 6 &€ &
Tt 7, T &G 6 e

FL .
Notice: This 1> a floste of a nice GROUP

a ‘wmep/ e deal ;.)/'/h, in the next section!

4o



| CycLic .NOT;AT;ON

The Periy 7,19 zlt'on
L 23 4.5
?‘( 9 31 S 4
con also be writlea os
p= (1 2 3)(45)
e A=»2-»3 425
~__’ ~_/
In this M% aﬂj -Pefuu/a/mw- can be expressed
in dz'ijo}nf cjcfe.s

e L L3 4S) __/,
J (23451 >(1 2 3 45)

(3:217) —cs=a0

2i7) —Guees
(.L 23 4S ) s () )3)(4)(5)
L 232 4s

This nolation is wore QPPIEP ratc ﬂ)"r /%Omf.s”

of peruutlazfllxu, /f-j- PB}':”"PDP ),

for Moup%) if D = [+ 2 3)/(45)
then  p*=C. 1)02)(3)4 5) | o=l YalE)AIE) /) M_‘f?)
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L. DINARY OPERATIONS

let 5 be a mn,eM/? o _sez,/ A Dincry ocpemtion
7
* on S iy debined f’f

%géS.ﬁpx*ﬂéS foraﬁf 4563
(le. xxy is another elowend of =y

EXAMPLES

o Addition () on R : for x ek , X+*QEIR

o Mullipbication ) on M: oy XqeR, d-yelk

> Operations +~ on the sel V of 3D vectors
bor BV EY | HVEV gud i-veV

. Com}?o.s:'i’ion on Aunctions:

'f:j Punctions . Qpaj is @ Junction

o An wwsual operaéion * moxy be gen by & foruwrbn:
For mné€Z we defne  mun=man+ 2
For edample: 2*3= 7, dxd= =4

e An unvsual opem!:onafc on a swall sef .S maj be

Given 253' a tably:

=ta bcod ¥la b cd

fj}/ ’( abc.ad
bla bbb €9 a*b=c
Clabdc DI =q
Adic ol a b

A%



Norice  In lact, a bmaf(‘j Opzraélom_ * on S
i> a Junction *:S5SxS—>3
Inslead of »k/x,g) ve write >+y

k/e also .sag that S is CLOSED under = if

!xjéS => X*gc:Sl

The caﬂczpz’ of CAOSU’RE > mcam,/j o/ppropr/a/e_
for subsets:

lel + be a bm&(j op@mﬁjbm on. S
T be o subsef of & (T=s)
We. .sag that T is CLOSeEp under iF

X4 €T =2 xxyeT

EXAHPLE

Consider Lhe b/ﬁarj operc kon. + on TR
e IN,Z, & are cbsed wider +
e X4 EN = X+d e/

o The subset @ of o tional nuwbers |

NOT c1oNeD
.Inaﬂeed) -@) V2 £R

bul -2+ =0£@
* The subsel C=[04,2,3Y in NOT cLoseD /k/hg ?)

A5



o The subset A'—'f?n/néZj (even m/efer;) Is CLOSED :
if X=2néﬁ,3=,?M6A) X—kﬂ:.?n-l-fus,?ﬂo-l-m)eA

» The subsel B=[2/L+1/n_éZj (odt fn/fﬁ(,r_s) > Nor Qoep:
{or emu})éa 3, 5B bul 3+S-ggp

B PROPERTIES OF BINARY OPERATIONS

For a b!nay opgra{iom_ * on .S, we .sag

) * is commuTATVE

(f XY = * X for ot/ X,jés

(b) % iS  ASSOCIATIVE

D |bex yx 2 = xolg»z) Jor all xqzeS

[C.) on IDENTITY ELEMENT e exists

i Ix¥e =% =e*x Lor all xeS

/d) each X in 3 has an INVERSE (or SYuwerhic) x*

if |x¥xx'=e=x%X

(provided ihal an iden 14’79 e e.sti_s)

A4



Nortice

o ASSOCIATIVITY Pfacz'-l‘ce means thol bracke { s
are nol nece_ssay./

[X\xﬂ)wz and w@*z) Moj be writien AL

since Lthe operztions con be ;perﬂarugé/

. ony ordler,
o CompMu TATVITY in pracffce Megu_y J/za/

Le€  Lau.
SWap  elments as e 4o )

e.j_ X¥avcxywhp = X*Oc/* Qxhbve

o I/ « Corut fative.

X¥e =x s enouﬁh for the fd@ﬁf/"égf elt.

X*xX'= g i enouﬁ’h XO’_ Zﬂ? Inverse.

We prove  fuo resulfs

FPRovosiTiony 4

If an iaf_enﬁg efe_uen/ exisds i/ s vuMQuUEe

Proog

Suppase. thal  bwo  cisfinct identifies €:,8 exist,
ExE,= &, Lsince €, IS an fdenzl:'z.[.j]
exe,= e,

Lsince €, 1> gn ideyuffljj

Jence e=e,, can#rao&'c.ffon_
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- PropostTION 2 SUFPQ;@_ thot * is assoscialtive
and e is the 10?@/17[!'/(:1 e}egen# in S

Iaf X has an im/eme} Lhis is UNIQUE

PrROOF 5up;75.>e z,%azl X! avel X7 are 7!1,00 Q&'_\A’.WC;

averses of . Then

¥/ = xX'x e Lsince e is the /‘deméir’:f]

= X'k (xx X”) [since »*x"=e |
= /x’x xX)x x” [ossociati w'/ﬂ]
= & xx [since x"*x=e]

= X/ [since e is the /’denﬁ'zz(jj

Thaol 13 x=x" , contradticton!

Exercisc g define x*g=y+j+3‘ on H

{a.) Is % computnTive?

X%y = xﬂj-r} = 34—)(45: =y %3¢ Ye&s)

[b) Is % AsSSOciATIVE?
(g )¥2= (Yt 3)rz= Xty e+ 6
x#{y¥2)= x*[5+z;\3):x+g+z+6 v&és!

@) Is there an IDenTITY element &7 (we solse Prre)
X¥@ =X > X4etD=x &7 £ =-3
Céear@; exx=x a3 gell. IDENTITY :|€=-3

[0[) What ;s the INVersg of < e€R? /c.Je sobpe Pov x’) '
XAX =g &7 X+ X 4323 £d X'= _x=(
Clearly xh»x=e as well. INERSE OF X X 5-X-6

A




Y. GrouPS

lel G be a set

*x be a b/'marﬂ op@f‘a?llbm.. on (3

Deb(MITION: £ iy a GROUP unler *

or ”MP% (G,%) is a agroup i
(@) G 1> CLo>eD  uader ¥ a,bea;’»a*be&
[(B) * is ASSOCIATIVE :

(a* b)*c, = ax(bxc.) bor ol a bc€G
(C) an IDENTITY elewent & exists:

are=a=exx for a2 acc

[d) cach elemen! @ lhes con JWERSE g’
ara’= e=axa

Far Mcuaﬁore.) i{

() « is commuTATIVE :

arb =bxa fOr altl QJIBQG

we say that G > an ARELIAN é\r Cowﬂu’mmfgj GROUP

EXAMPLE @, R ond Z are (Abelion) Groups under +
{a) CLosuré P> obviows for oddibion -+
(b) associativity : (a+bltc = adbrc) for all ab,c
(z'C) IDENTITY =0 @ a+0=a=0+a Lor oll a
(&) inverse of a :a’=-a sicce a+la)=0:(a)ra
(e)COMHu'rA‘an\/ o atbebta bor otV ab

4%




EXAHPLE IN i> wl a Group under +
Pmper!ia_s )bl E)e) holel. ‘Ide”’[/’z‘j =0
Hovever () does not hotd

| 65 2 hat no mdene /-,?ﬁ’//}/)

Exaure R7 and Q@ are @béﬁbﬂ,} Groups under o

(a) closure i3 obvious hr wulliplication
(b) associntviTY pofds (ab)c = a/b-c:)
(C) IDeNTITY =1 : al=a=1-a 'E_')‘r ol o

[d.) IWERSE of o : a'=a™i- —;—L since ao=1-aa
[3) COMMUTATIVITY |3 hpown /for v oab=ta fyoéf% b

Norice Re are not groap.s urder
Since O has no invere.
v Z* WY are nof Group s
&g_ 2 has po inverse.  (as .2*‘L¢éZ*J .2"'55/23/*)

REHARK

I{ the opemation i3 + [AopiTion)

the invene of a is -a (the oppas/'/e)
4 the OPZII?-/[OM_ r's » (Huz:rzpuawozf)

the inverme of o ;4 ot ( invere f‘ndeast’/”)
Lo 36//)6;&2 e SScme Mtaf( an opem-ﬁzow. <
behades o mug/fpéfmrlfow the invene 7> deaclect o

A8




EXAHPLE  G= all bijections £:R-1R /f'!’mdfém’o’j

G iy a group under apmpg_s;'fzon. o,

(‘9) C!-J‘EURQ : %5 b:‘jem‘iom._s =D faj szecHOVL
[b) ASSOCIATIVITY  holgl o /faj)oh = foéah)

(&) IvewTiTy iy the identily function T with I&d=x
since §oI=4=T.4

[d) The Wwverse of PG is the inverse Binction £
since L7 T=p".4

The group & is NOT ABELIAN since

'foj ?43’0/? in  general.

DeTred proors -

Hind that ¥ =3 means /f&}:g&) {or ang x
(%) Lm:[é%j).,éjij= /)ﬁaj)[w)}: {5 (W)
wns: (P64 J1) = 4 (o 4] < HUglhl)

) (1.7)/)- 9(36)-06) - $.1-4
(ol))-T(H6)= 16 = 1-4-4

= LHS =R})S

Prbper/j [d} 5 knoon bj the d?ﬁ!m')l/bm a{ /f,:
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ProposITionN  (led! andl Right caﬂae&z‘iow.)

In a group (G, )
() axx=axy =p X:Z{
(%) X*¥a =y+a = X-—-g
PRooF .
() e szf/fp%r” 15(7 a”l from the Lebb:
a*Y=a*(7 =2 a'x/a *s()z a"-\*{a *3)
<> (@) X:/Q"'«a),ty [ASSSCATIVITY ]
P> Ee*X= exy [inverse]
= y:g Li1DenTi7¥]
(2) We ‘“wullipt.” b(7 o from the ripht

Siuilar Pro of.

for exauple,

In addi too a+gcq+g ——3><=7,

in wultiplication  ax = agsa x—«ai (a#5)
in cowmpasition 4o j P = o=h

(5 //,,o-_b(th,
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B FiNITE GROUPS
They are a_sua,fﬁij Gluen by a ta ble

EXAWPLE : Let G=le,a, bt and =* Given ’S;f
| xle a b

€ie a P~

ala b e

Llb e a
(@) Closure : The resulls are ea b (beﬁmj 4o G)
(bl assocnTity is usuelly given in such a'case;
it b ;‘ma/consuw}ﬁ) fo ue/‘i'/fﬂ /f.:v ol 770»1'525

[ -

{riads ..
[c:_) IDENTITY is e ! row and &_3_@(_‘_.4- Gf@ ”ﬂc’/@‘?ﬁ‘wf

&,
jnverses wmeel at e, thous

() inverse
inverse of e (s e
inverse of o i3 b (:‘-c a’'=b )
inverse. e B 1> @ bleca

s The ftoble 1s _S(yume/ffc_ aboult
the main d/@(ﬁonaé’.

There,fw) (G)*) 3 an- aééﬁ'gu 3»*0(1/‘»"

[e) covmuranvity

Notice:
o The ‘table -9((.6? group /s called CAVIEY TABLE

*» The lable wus? be o LATIN SQupre  i-e.
,fguzly ZM&Z[ afD{.’DZﬂf.b €Xac/§ once in eacih

row and cach C}QZUMJ’L”

{V/hfﬁ we the Lact ax=zay @:xég) '4
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» UNUSUAL BIMARY OPERATIONS

ExamprrLe: We debme « on TR zbj
X:\r%-z X +Y +3

@t) ClosueRe s obviows

e  have ﬁgf‘éa&_.t’g Seen In page. 46 thal
[b) ASSoCIATIVITY  holals
(c] The IrenTiTy elbewmen] is e=-32
(d} The iNverse of X s X'z-x-6
(€)% is cCommuraTive

Hence /72}*) IS5 A group

EXample : We defime, * on K ‘j'_’j

= 29
g = X+

Show  thal (i) % s comswrTaTive
(i) * is Associative

GT) (R,+) is wot a [roup .

(!') Trivicd : e = ;_‘; - 2

a Keh X4z
(i) /Xxﬂ)*;g:/ﬂ{-!)*a;zm;i:,_@a - Xge
X+p R Xyt B+ Xy +YBrEx
X ___—_—x+5

X *fyre) = sives the Scume  resulf Ksiui«@eﬂ@)

(fff) I{ 1pentiT=e  X*e=x. spXE
’ x+e.

=X& Xe=XYex
) & =0 =0
e .S/’\;Llé?' ﬁd

— Ll A fd some ec® Theo /ﬂ?,*) i3 not a GrOP,
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B~ ADDITION AND MHuLTIPLICATION wmoolulds n

Let us work with mwoodluds S
Remember the re@ation a=bhisedS)
Equivalence chasses [0 L] Lo [, 41

——

F:Nohc@ that [0+ [3]=[5]=Lc]
5iwcé (5}14'2)4{?24-3) =5ﬂ<*ﬁ+.!.) =5ne o]
Stui garfj L2337 =T =]

since  (Bkeg)s (5€¢3)= 25kl+i5k+108+C
= S(Sk8+3k+90+L)+4

=5n+4 éEJ-] - __|
We c<an ew/@ awpéz/e the Lolosiin ;égn’;_ée_«.
olych  demonstole addilion () and wulliplieation ()

O Z/S = ;('O) L, 2, 3 4} a4 Qor:_sj’et[ the breckefs C,1
. for sfmp@'a"/y

-

W XNpo 0 e
R A
I~ W o

W oo |+
O DN |
fe B O B |
W b O XN
W O
LI N

0
o
L
2
3
4

(we \jum' divide ez resulf 535 Lo bnd lhe r@uamdef)

(@) cLSsuge  obvious
(b) AssSocATVITY * knaon

{c) 1DenTITY = O
(d) iWerse : 0=, 1'=4,253,5=2 4=

55
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[ZZSJ") s ol a group.
ol tor BRi1 3541, (25:) i o g

(a) closure iy obvious

214 234 [b) ASSOCIATIVITY is kaowit
L]t a4 c) TOENTITY =4

212 4 13 - ) , ) 4/4
313 4L 4 2 @)'INV6256:J=_L)2=3J3=21 z
414 3 2 L

Both (26,+) and (ZF-) are abelion groups
In general, for Z,=fo0,4 9,... n-4}
-(Z,,_)+) is always a goup
(Zn,-) is ol oloays a group
(ij} D a group 4 P is prise
for etample, foir Zi=§o,t, 4 5]

+ 01 23 123
oo L+ 23 (1 ez

L |L 230 ol 2 09

¢ ]2 30d 3l2 24
2130 4L 2 '

is a group i bwfa Group .

Indzgaﬁ, HO n- s not prime. chlj n=ur-k M,kaél

Then  LDul-[K] = [nd = L0 wlrch does wot Gie in Z,

4



P Somte THEORETICAL RESULTS

In K 6’"‘9‘/'}9 (G/ *) Eﬂ'—)é o’enozle a’ b_,_j a""{‘]

N
Iwa’eea’-J the debation - asois e=a* o
Juplies that the inverne o4 a* 15 o

B p«b) = bl

It sublices to show thet the invewe o
axb i[> b'hat  Indeed,
ﬂg* b) * (b"*a'L) = axbsbhg’= Q*&*Q.-{:Q#O-L:e__
_SJ'MJ'&:.D@ é"*a"}*@*b): = |
B p+x=0b = x=alsb
Indeed, awx =b = ahlasx)=a b
D @a)ax=a kb

=2 2xX=. 0xb
= xX= a'xb
B a=e & a=a™ (sebl-inverse)
e just l{uuf//}pl%” bj at
dbe &0 Alvat-ergles oxaxals aler a=at

Noice: A% weans a*a+---+a  (n tiues)
(BMJ" «POJ‘ + a"":-'a-i-a-}----—i-a__:n__a_)

25



B, SUBRGROUPS -~ LAGRANGE THEOREM

led (G)*) be a group and HSG (subset)

H is a suBarkouP of G, if ﬁt*) is also a group

In fac‘f, in order fo show thal H is a _Sorbgroup

of G, we wse

H is a SugGrouP o G 1l

(o) ecH (IpentiTy) o
(b) abe H=arbed (cLosure)
(c) acHoa'eH ([ inverse )

Associativity  obviocusly holds in ony subse?.

,Howgdef; Ju,s/ /o:r safe!j (’)) éé/ us wmention J'Zl
Uluzméua_r e ju}li% a Sabgroup.l

Exampre We know that (Z)-F) is o grogp

Show  that A={fin/n e (set of coen nwbers)
is a subgrub of (Z,*) |

* Assocra J(fwlé cleary holda

(a) The iden ;lf/lj oea (it is even)

() a,beh | say a=3m, b=3n =.a+b=Ju+inzIuin)EA
_iso A j¢ CLoSeD under +. '

(6) AEA, SR Q:_.Zf?,-) a’,—_-a:fﬂ-n}é/ﬂ
Therefore A iy @ Sabgroup
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1 Hisa "‘""’"’e"”P% subse! of G, in oroler
4o proJe that H is o Juégrwp we con repbpce

proporhes @) BE) aboe by one properly ondy
Pﬂ-’-’f’o_&l’faaﬂ o | -~
@) a beH = axb'eH
ProoF
o @,0),6) =)
il abeH, then a bEH Loy &)]
axbteH  Lby ]

o(d}@[a))ﬁ’),[c)
o @) is e then, i aen
a,aEH=> axa el » ecH thus &) s true

€,a EH= exa'eH= a'cH thus &) is true
a,beH=a, Fled=> a+beMH thy L) s true

Jow@ueg I .sa_gj’g;l fo wse (:&M)é) msfead of A)

Notice éuerj § roup G has af chu/ Fio DZN'UIQZ

Subgroup>; -
et ( on@ the iden !/’Zj )
G itself
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P FOR FINITE GROUPS

In Cagfeﬂ table.s /'7/ s easy {o recesnise fhe
subgroups . We bk For subseds cihere

° c_ang.m e

o CLOSURE  Orcurs
Corsider the example of page 40

537— ;6)0110‘2) Ly Tg/’Esj‘ _’N 5 Q 9n9up unoler o

o le o3 O, T, T T
Ele & 5, T, T Tz
Ol O € T B
S {6, € S Tz T Ty
LIt & & € 0 &
|G Tl o e g
e 4 T 5 & €

There are . 5ix 5ubgrOuP5.}

« The trivial ones {e} and S, itsedf
® _H__g :;6}, J_z ,(j:g‘f é’/@b}éﬂ}& é}VQlL iJ BN (,23_5@0’)

"_H_?: 7[ €, TJ,} & (&ok al the rous and colpuns
of e and T onéﬁ)

My =]e
: "—-H4 - )reJ T—?g

I/ j s /ﬂ_/@f&;ﬁ@ o ﬁeg, a g@mg#/&ﬂf

r@Pre_SeﬂZ%:? Fron tyf e [ known as Squuu’n‘c qraapi
- * - ] ~7 rpald
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P GEOMETRICAL INTERPRETATION OF S

Con ;jd@r Lhe équigo Jefoz »{rr'o;wjvzﬁ
1

/ \ »

2 3

A chckoise rolabon @ bg 60° M,apb
Le3 3000 ol This is 6 3 b 2)

Two ro/a’//om GIve :[/2! 32 f)
Three rolotions j/U@ e [the ,t,/w/,/j)

On the ofher hond

;iL Tlus fﬁ/é@c%f{)ﬂ gé&ué rf/L& 0/014/69/
y_l Uine (910’9_5 |
¢ 03 T=(i5: )

f e

oo rz/fec/f}?yu ﬁ/&/g € : oI, =¢e

Simfaffy we oblain T, aud ¢
Hence Sy describes  fhe ?wue/m@ od an
cquiloteral tri ong le.

Th@ _ijﬂ@u]@ '-JL/ fe 2} ng_;a/ é&_& OM»%'
Hz e il i{/ oS, ﬂg/ 6{3, /f4 aﬁescxzée re/éecf/On,s .
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’T}YQ GDM]DDM'I’/'OVL Oi ?zrwuz!a‘)zlou, S beoecomes
(,‘oubmahzfow &/1? Sjuue/ﬁ&_s,

For exa m?fez

o, T, = 'EP_ Kﬂﬁof o/ la !05&)

BMI£ J
L =z L oV 3
i i TJ. i j 01 i E o= @ol}_
3 3 3 2 . ) -
i j iz > i t ~ 7T,

1 3 2 4

° T he 53::41:46{7/@5 O/f Lhe I'bo_SC»@&JZ
L

2 1 3

There is on% o e r@/gec/f:m . 115)

(.I"‘? L= L 32

The correspondling group 15 Hy=Je 1,7

.’Thg _SHMMZ/H'@_B o/.f o S-CC.?ZZMZ.'
A

There is no Sgumet[@ -&xcep;z e
_?_b:_? We oblain lhe trviod Foup el

o



pTHe SYMMETRIC GROUP Sy o

I;l Consists O/f all ?grmu/aflrbMJ on ;r £ 3, 3J4f :
(fwr% [S4l=41= 34

/?MOMJ Ihave lel us delermine the %mme%r:m

of o square (in cycle Yorw)
4 2

[
Rotations:

e=())isl4);. =(113 i) cr=(13)(24), o>=(1432)

4

Redbections in Géiajongé),-
_EJ.':(J')(—B)/QA) | Ty = (4 3)(2)(4)

Vel;//'céﬁ and Horizon lal relloctions:
s=(1 )4 T=(14) 3)

The >e; of GZZ these 8 Penuu/gyl/bm)
fe,0,0% 0% T, Ty Ts, T

fonu) aQ ;ué?rouP 0’( 54.

M Rewark  In 5emzra£ Sn iy callod s&/wm@#wt
group. T/ conisks of nl elewents
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B LAGRANGE THeOREH

We stort :(,J//ZL a é’eﬁniﬂbn; the OBDER
of a goup G,

order (G)=| C/» no ol elowenis ol G

oFor inbindte groups, such o ﬁRﬁ}/ (z,+)
6=
e look at  S.=fe, 0,0 T TS
order (S,) =1S5[= 6
Look @} also the orders of ils subgroups:

M, = fef 2> orler =4
H=fea,oc] ' —sovrder=3
Uy (e, nl th-jenl Hy=fe,uy worder=2
53 —>order= 6

This 1> wo! an é_c:cz'a{en/z,/

LAGRANGE THeOREH

chrl H be a 5u59r‘0u;0 Oi G
The order of H divides the order erf G s

ie. /Hl divides (G/
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PP THE ORDER OF AN clesienT
Consider gﬁw'n’ Sy=7e,6 T T, T

We have seen that oi=e (ie 5_;00:,—»‘6:;_—.@)
It is cleor that Gf=c, o= and soon.
The --s}uafﬂe.wl exPoneﬂrl that gloey e is
said 1o be the order of o Meme
o:-a?er(o:,_)%s
Siilody e Gie gte i
£ hus ocder(s; )23  order(r,)=2 eftc

Deroirioy  Llel & be a group andl aéé..

s 1 bt
e Sdg 3 Orolarﬁq )=n
id 0 is the swallest pasitive infeger such that
a’=e

In an m,firu';ze 5DuP LIe. zuaj hace,

a,ava* at .. al Al ferent
Then order(a)=+oo
Notwe ZLhat e*=e, thus
order(e)=1
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The PO S od an cluen! a Porur o subset
Il s denstedd 1/73 La>

Y order(a/=n |
<a>=fe aal . a’*y

.14 order(G)=+w o
{a>=jegata®. 7 ﬂnﬁ;‘m‘l&) '

2o T

For example, in S
Le>=fel
“i>=7e %, a f Lhe Saue
L7 >=fe/52j (312
<T,>= fe, 1,8
<Tp>=1e,7sf
(> =1e,ts]

Proposrriovy + letl G e a GroU p ancl aeG
Oo‘dé:"/ﬁ}:n

Then

ProorF.
@] at=e & La>
/b} <a> is cbhyedd : IF aiaie‘(q>
otyal=a*leca>
/5') For aach a‘e <@> {here i3 an inerse a,“-i

- ol e , A il

(a>=le a0t " s a sdgroup oG

since ar*xa’?

A



If H=5a> we sgj that a GcenNerRaTES H

o A /3 a GEMNERATOR o4 H.

EXAHPLE Consider G = fe) A, 1_’)/ C__Z c,.)l‘th

*¥le a b c
eie a b c
ala € ¢ b
blb ¢ e a
c|C b a e

szaf% et=e zorder(e)=4
Ai=e s adersal)= 2
L =e Sovrder(b)= g
cl=e ~order(c)=g

A gen eratey the Sué\yra;;:» {a> = {e) al
b géﬂéral&; / he Suégrcu P <b>=Ffe, J;j
c 36/46/-@#@ the Subjmp (e>=Fec}

Notjece liat & coemnol be QCMa.roiLd&tf %

Ouj : 6»2@#4@% % )

COROLLARY OF LAGRANGE THEORECH

Lel 6 be a binte group ancd a&€G
Then- - order@) diviles [G/
PROOF,

Suppose om”er/ga_}:n._f&mn a>=feaq, ... a"4
Thus order fca>) =/(£_e>/ =n wlich divides el
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P CYCLIC GROUPS

A group G ix Orclic /f G=<a>
e, G cn be gerermtec! by some elbwen! o

G=<Kea,a%a*> where af-ec s crcLiC
LTyt Ts> is NOT Cvatlc

eg.
S = (e)cr,',ajg

(1! cannot be Wem/cd by sowe o)

ExXaHple et C—}:;’e/g)b)cj with

*xle a b c

ele Zf b c ( Notice that e,ée.zueﬂh)
< | a C & + . ¢

{7 b ¢ ea rolﬁ’/e Cﬂc@w%
clc e ab '

I e p’ﬂd @an a?eum/ 0? order 4) G /s qgc.é:‘a.
Rewmewber. thal each orde— divides /f, since k=4

a*=b so orole.r@?/?éz . If cannol be 3 elhenr
so orderia)=/4 |
Jﬂd@é’é’LJ QJ:QQ*QJg:b*b:e
JT’@HC_@) G IS c,(:fc:ic 2 G- {a>= {@)Q)q’;o{"}
Also, orderfe)=4
owd’er(a)zé_ PR
o rdfer (15] =2
order (c)=4 4

Hence ac ore ﬁanem/od) le G={a> or G=dc>
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In /EQC%) é[\a:"a e DV\/% bo Groups aﬂf)
order 4

*le a b ¢ xle a b c
ele a b C ele a bc
ala e ¢ b Qia b c e
bib ¢ e a blb ¢ e a
clc b ae clc e oo b

cYyclic

NOT cycLic

{ rewrititen)
U
e a ot a

+
el e a at*o
al a at a* e
allat 0 e a
@l e a at

x

X

To ecide I‘f (@, §roup s CYCLIC. or NOT
we Qihﬁl the orders o the elewents

I lel=n  and ovder(a)=n (o sowe aec)

then G=<a> cvellC.

For exawplbe, S, is naof %CZ'(, since there

S o elowent of opler €

EXAwbre  The cyclic group of order 5 /5
G=La>=4Leaa’>» oP=e)

GENErRATORS : @) 0% Since  order(a)=3 order(@)=3 - -
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Exarrie  The cyclic grup of order 6 is
G=ta>=feaa dafo”f (ate)
ECOM])ar@ piﬁu Gih rasf od 4 - z5=_{_7

: F,feueml order

e A

a 6

a,’“ = —w SIACE (az)s-fe

3

@ 2 — since (@**%e

o 3 —> since  (af)’se
& GENERATORS . &, a’ /e_/emmaéa:f orler 6’)
e SupGrours : «e>=[e}

<fa>= G

<a>=Je, a?atf
(a@*>=7Fe a*l

ProrosiTionN el G be < group 91{ DU ie o_fcf’ef'P

e |Gl=p. Then G is cyclic.

‘FPeooF. Le/ acG  be any eleumend exae.pa/ e.
By lagronge | ordirta) divtdes = orleria]=p.
a” 't =G

Therehre,  ca>=3e, a,9% .

i.e G /s cf:ic@c;,
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4 CosETS

let ¢ be a goup and H be a subgroup
e I} 0€G, e delne bhe set

alH=fah hecHS
That is, i{ we buﬁfp%y a bj al? & lowents
oA H we oblain -alt.

e We deline the /oﬂow/}y relblion on G -

Jor a,bec avb & o 'beH

Thi> iy on equ/m@ﬁce, rﬁ&?//’on.‘

rerrexives 1 aely ava since @ lazeel

SYMUETRIC: Qamb =p a fbel
=> b)) e H
=» Ba &N
= b~a

Teapsitive:  Q@~b aud byvc=> @&'beH and plrci

= (@' b)(b'c)el
=2 a-'c eéH
= G~

Wha% i3 é}lg @U//Q&%ée L&})) (o,f Qé@ff

W€ [T £ OvXES o NEH e a'sxc=h where heH
£ X=0h | NEH A2 x<al
67



In olbher words the equmafeﬂca closses
of s redotion are ithe  sels of the Prw aH

These are called Meql"/ / coxets of H in G.

-

Cosets +  aH=fah[heH

ExarrLe Copuder 1he ﬁn/}!c group G

e a b c
EleE a b c
ala ¢ c b
Lblb Cc e a
cClce b a g

/H-_-j e, Q}. TSI | wégrOup. The coels af H ave

eH=H={e af (al is the scwe COJ&/)
bl =}fb ¢ (el 15 the sawe ca)ez‘)

Examprie lLel G={a> of order € /le-. Q‘:e)
() The <sebs od _H,‘-'(Qf):fejaja‘f :

et=H=]eal a*j al,=]a,a* e
b)The cosels of H=<a*>=/je d*f :

- el=led a/z{,:{a;a?/ G« f ot of

/

(10,



Notice :

. eH= ilsetd i Q/wajJ o wael

« The coeds 5/‘:/6 a ng,lf lion of &

e 1 e anad Hzm, we hnow {‘/ [agrange that
w divides

Each el has 2z elzments

LZ)) w  see am  inbinsle Sr&"/’:

EXAHPLE ;

COMJI'déf é/té Qa[al[/;vg :9/‘0(_,{/) ,,/Z;-f}
The set A of cuen Newbers i g SubQroup.,
There are two  copls

O+A = A=F, /nézj. - A/euen Muméer.sj
Lt A= Finad /néZ] (00l pensabess)

*The sel B"o/f MMZ//pZé) A 5 o _auégrow:
B=5Z={5n/neZ7}
There are S  cosels.

B = }5)4./%.62]
1+ B= an.-anéZj
24B= j5n+3nexf
34B = [Sn+3nezsd
A+B = / Sn+bluneZ |
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P RIGHT COSETS
In a siuilpr M?
avb k> ab el

ies rise o the szz;hz‘ cosels

Ha = z(/ma/aéH]

the eguivolence rebaton
14 go.y bo check )

E xampLE Consider the 5ﬂmw@/r/c jf‘oup

55-: {5,071)5.:2,7',—(:2)131 @6@ 77953.52)

and the subgroup H={e, t.if

RIGHT CO>ETS

LeFr CoxeTs
el = H= }QJTIE ' He=H= er?ﬂ,‘hf
o H=10:, T, Ho = {01,774
0l =15, Ts He; = } 02, Tof

(For o;H Ve &uf/{péﬂ o] bj aZZ g//) @f H on 2he /6[/
For Ha we II:AUZ/J'/)%H on the r:'fké)

Norice -
4 G s Qbéﬁayzj lel!  cets aud r('jvlt/ cpels

incide

(24



10 HoHororerisHs

Consider {wo grovps
-[G_) * ) andl / H, “)
A Munction £ C—>H s seid to be
a Hostororrrisd [ f
P(ash)=Pla)af(b)
(2> we say, / '[;“espéc/;" the operarffom_)
EXAMPLE  Group 4:(R%.)  Croup 2:(R.+)
Show 1batl  the Pupction .
£:R* =R | f&)=Bax

13 o HootomorrHisi.

Indeed,
Pla.b)= Gula-b)=bha+hl= L)+ P6-)

14 f b o« bgedim «3 we/ﬁ} we Qg { hat

f IS an TISOsorPH|SH

LHOMHOMORPHISH -+ DlITJecTionN = LISOMORPHISH

Iéf /f.‘. G-=H IS La J'.LOMOrPLj;M ’z,lhepz_ e
say the! & guo H are LS00t 0RPHIC .
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The funchon of ithe erawple abae
f:R* R 6=l
i> @ bijection:
o X is Ut PR ds )= by Loy ==
e A o Ranse of J-Pr*)=IR.

The 1 is ar  Isomorpprses

M 1{ ff) b on f_somorPé"l'JM

V' i gl on isouor pliisu
dndeed, if {is a bijechou, 11 o bijechan
 We haow  Haxb)= L))
el bla)=x, £(b)=y. Then
f"/wfg’) =07 (a)s $/b))=
=47 (f(a=»))

= gxp
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Jor the fﬂ’auf/p/@ alove
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B EOR FINITE GROUPS

e mu;aﬁé_’q observe.  CAviey tables

In ,fam() ISOHORPHIC means !-/\,ej brok siwmibar

e‘g G H
* je Q...’b A,__,[_(_‘_c‘?-
e le a b 1l 4 < c*
a |lag b e clc <+ 4
bbb &€ a oot B = A o

In facf //l% are /ﬁ,@ A2we. /i,socuo‘rpdjc;)
The obvious L>omor,obisafq P map.s

e — 4
o 1—=>C

b —act
(in this uaj / ’}eszpec/;" the opero/fou /

»50#46/@65 /'/ /4 uo/ obviows  Lhal Lhe Qyﬁef
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(Z,-r) s cylic [é‘noun.)
Lel v see 7[4,5 oders in G

order(e)=4
order(a)=2
order{b)=4 —> gencm Jor

order(c)=4 > genermtor
Hence ¢ - fe,b b 5%} (aa/wre bea &= c.)
4 e rearvonse the elowonsy of G we obtlaun

e b a cC
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b ac e iso:wofpbc to
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The LsOuorpb‘JM [LW‘C— I3 f Z,; —~>G) ul'vl/a

OF—=£
b= 4
Li— a
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Notice . e have af‘rgadj said that fhere exist

«ONLY oNE group of order 3 ) Ang olher grup is
ONLY TVWO Groups of order 4 1sosorPHIC o one of Lthem

»le a b *leabc xle « bc
ele ab ele a bc ele a bc
@le b e ela bc e ale g c b
+ b e e blbce a Plb ¢ g -
("c@ic) clc éab cle b oo e
4 (cucbic) (non—cycbic)
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P> [ leorericaL Resurts

/.eJ (G__,*) andl [HJA) ba ﬁ)o grob;;:;; amal

1,0: G —=H a.  homomorphisua
We denole the identiies. by e en respechvel)

m ProposiTioN L Lles)=¢un

(f map.s idem‘/é, o fde.z/l?ll’{ﬁ)

Proo - :
(RIOE E¥ &= € [since e_iolentily in ]

> (exe,)= fles)
= Rle)a8(c,)= P(es) [since ,P i a homouj
=3 .f(ec,} is the lb’@ﬂ}/'/j in H) e Ples)=ey

ENo!{cé,; axd=a => A raro =a ko = A= e,:]

@ ProposiTion f/a-g) :"rD(Q)‘L

/ f wapo inverse /‘o fnueme)

roOF Far Quy CaEG

ok Q"i.—_- eq

= Plaxa')=Lle)
> Ya)s da)-e) [since P15 o howous]
= Pa)+ ,Q/a")ze,ﬂ [bj PROPOSITION 4 |
= P/ﬂ"‘) is the inverne o4 Pa)

e £@) = L)
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Lef zf be on uomorp[wum
. andl /@/:—'b
ou—d’ar/a)::m, = Order[b)::!/l

B PROPOSITION 3

ProoF  fef order@)=n , order(b)=u

order@)=n = a"=e,

=2 flar)-4(e)
=) ,_f[a)”'_—_- Q/eﬂ) [since. pi Muowj

=2 L r=e, L—bﬂ PROPS 1T108) 4]

Bul w is the swallest integer st b"=e,

Hence wm<en
,J—Joweaer/ V' iy also on isourrplisat, / "[b):a

This. fMPZ'&S n<un /_-SI'MI’&/’%}
TMU‘&EDLF'& =L

Laé /f !Dé an I')OMOJ‘PAJ'}M
) & CgaQJ'C =P H CESCZ('C‘
PRIOF. G s cyclec ol order n

® Propositiony A

= G=4La>, a-=generator od order n
= Pla) hey ablio order n [bﬂ Propasi7ion 3]
2 _H Vs cyclic with gexerator P@) 1re H=<kép.

Notice For bnile groups  we cpeck  the orders

ok lheir elewents
. oh'ffer&n% orders = nad\*:;sauowpl—l‘c_ 3;1‘0:47;-_3
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EXAMPLE (Rpunem ber ‘a('?cwi bat in fact Here
are earoc!fg' fwo groups of orcler 4)

Consider
G;*aa'bc Gy * [EAB C G_; el L i
eie a bc ElEaBC L|L pgr
ala e c b AIABCE PIP L 7o
blbc ea BIBCEA a{q r P L
cliChbhboe clc EAB yqu:[:fp
ord(e) = L ordd(E)= 1 ovdlf4)= L
ord(a) =2 ord (A) =4 ordl (p)=2
ord (b) = 2 ord (B) = 2 0:"0'(‘?-)54
prolicl= 2 orac)= 4 ord(r)=4

& 5}0}@ Some e sons IZO é_)(loézjm, (,.}Ltj G‘) éf,

are ot isomdphic
— 3 elewents @f dordder L in Gy bok at Lthe
4 elewent of order 3 in Gy wain olicgomal

— dillereat srders appear
— H‘@ra 4 an e/emew[ 9£ order 4 Y7 ézjm} in Gy

— Gy i5 pol c}ja@qtj Gy 13 c&gcﬁ'a
e WAQ:Z aAO(.Ul Gy and é_??

— There s an elowvent of ovler 4 in bolt YOS
Bence Hueg are both cyclic
Mence Gx; G; @re (5o uorpkic.

79



'& Le} Wy seg an éﬂ’amp& 9{) a }wmauorplu’gu
uluoh s wof /'_souorplu')wr

EXarpre

& *le a b c H 4]EABC
ele a bc E|E A B C
ala bc e AlA E C B
bi{b c & @ BIR C E A

NOi’Mé thal! G /3 cgcﬁ‘c G=da’

Comsider  ihe ﬂ)m.oMorp[si_sM f il
lla)=A

Then at=b, so A(b)=Ha})- fa)s-nt=E
a*c  so flc)- f@’):f@/’:/«\%ﬂx

TO Sthpt G501 -
e —>E
’f—' akr—>A
bi——=FL
clb—>A

Nolice thal
Vis not -t Lfswmee L) prn))

f is wof B/V’?‘o”- (ﬁauge : f(6)=f/;;/4j #’/—/Z

KO



P KRERVEL AND RANGE

le {: G =1 be a howoworpli
e debine
The kemver  herd =facc | Pla)= ]
be. kerd conph o all clovents that wap b e,
In the predows exauple (pase #4)
/%erf - fe, b}

Nobice  that /(e"leféﬁbj /Do Jué?fWP oA G
{6)=jeap & subgroup oA H

ReparK : The range of 4 is denofed 5(7 {¢z)

but !'!! aﬁg,ﬁa callind M 9F. &ff endd
Aenoted Af _IMIQ

Propositiont Led j DG —H homoz«-:orpéu')Q

/g) ke"’f:}( QQG/F[“’/:ZI;] 3 a .Su/agrou/) A G

(b) £c)- [ i) |acc) 1 o subgoes of H
(C) / f.&omorpﬂi.\m & kerl-fe} anot {c)-4



&)
£ ff?OMOrP/‘J.SM
Kerd=fes] fc6)=H

Kernel k&ff ﬂanje, )P )

ProoE

(@) lpenTiTY ececKerd since Ples)=e,
crosure @ beker{ = axbekerd

singe Joxb)=Ha)ofGo)-eyae, = ey

ackerf = a'ckert

since. Pla')=$fa)”'= ey en

INVERSE

@’)M ene {(G) since en=¥(ea)
crosune %,y {G) > xayqef()
since. x=4@) ,g:?(b) Por sowe a,bed
ond xay = Qla)ak(b)=Rlaxk) with a*b&eG
wverse — wed(c) = x"€e4(¢6)

since x=P/a) for sowe a EG
anel - ¥'= -Q(a).”=4?/9.*’) wirth a€G.
c) { is onto & (c)=H
It suffices to show that

I

£ 1> 4- {4 kerf= jeal
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() I8 2 s 14 then kerf-jedl

Indeed Y a.ckerd
Lien Ha)=en=Hles)=> a=eq- /_s/;qc:e_fll)

Therefore  kerd=Ffeal
(d_—:) 1{ kerd=fea] then £ i 2-4"
Indeecl,
fla)<b0b)=> $(a) s ()= e,
'f[o')“ <P(b“’)= en
Ploxb)=e,
a+ b E ke.r:e
axb = eq

Q.=b

L4

L4y

ExpripLe  Copsider the Folhwm g groups
G=Ae>=fdaalatal o] by (cgcré'c)
Se=7€0.,6,T, 7T} (of page 51)
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dr—e
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all__pdé @2) QS[“—QJZ @52
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o _)//}m% iy bthe kernel
/lﬁél‘df’;fl) 03} [/71 /S a Juéymup of G-)

cWhal 1> the rasge
f/@):fe)d;jé}} (Il /3 a suégroup od S;)

(b) Consider now the sgéj;mf;«]: IH=le, 0.0} oA So
Wﬁm{' js te homo;uorﬁif‘)u g H— G
Aelined .‘b;] g o, ksat 7
We can wsfﬂg Aerwve that

gi—>1
g, 1— a*
| @?l—u)ﬁ [sice 6;:5;2)
e Wha! /'). the kernel ?
ker&? = }éf [Inp’eed/ 5 i3 ﬁ{,_{”

’ )/l//la/ ) Ma rmﬁ@? .
5[/’)): }i)ajg{{ [Juéjmu/p gi G') |
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